Dilaton in a soft-wall holographic approach to mesons and baryons 
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We discuss a holographic soft-wall model developed for the description of mesons and baryons 
^ ' with adjustable quantum numbers n, J, L, S. This approach is based on an action which describes 

hadrons with broken conformal invariance and which incorporates confinement through the presence 
of a background dilaton field. We show that in the case of the bound-state problem (hadronic mass 
spectrum) two versions of the model with a positive and negative dilaton profile are equivalent to 
each other by a special transformation of the bulk field. We also comment on recent works which 
discuss the dilaton sign in the context of soft-wall approaches. 

PACS numbers: ll.lO.Kk, 11.25.Tq, 14.20.-c, 14.40.-n 
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I. INTRODUCTION 



Based on the correspondence of string theory in anti-de Sitter (AdS) space and conformal field theory (CFT) 
in physical space-time P, a class of AdS/QCD approaches was recently successfully developed for describing the 
, phenomenology of hadronic properties. In order to break conformal invariance and incorporate confinement in the 

■ infrared (IR) region two alternative AdS/QCD backgrounds have been suggested in the literature: the "hard- wall" 
] app roach based on the introduction of an IR brane cutoff in the fifth dimension, and the "soft-wall" approach [5]- 

■ [22|, based on using a soft cutoff. This last procedure can be introduced in the following ways: i) as a background field 
\ (dilaton) in the overall exponential of the action ("dilaton" soft-wall model), ii) in the warping factor of the AdS metric 

( "metric" soft-wall model) , iii) in the effective potential of the action. These methods could in principle be equivalent 
to each other due to a redefinition of the bulk field involving the dilaton or by a redefinition of the effective potential. 
Moreover, in Ref. [2^ a so-called no- wall holographic model was recently proposed. This approach is motivated by the 
soft- wall model, containing the dilaton field in the exponential prefactor [5|-l9| . After a special dilaton transformation, 
the prefactor is moved to the effective potential, where the dilaton field is replaced by a dilaton condensate. We would 



^ ■ like to stress that the equivalence between the different versions of the soft-wall models is important to guarantee 
that they describe the same physics. In particular, below we show how to match the "metric" soft-wall model to 
the "dilaton" soft- wall model that both are equivalent in describing the hadronic phenomenology. Application of the 
"metric" models to other problems, like e.g. the hierarchy problem in the Randall-Sundrum model [25| goes beyond 
the scope of the present discussion. 

In the literature there exist detailed discussions of the sign of the dilaton profile in the dilaton exponential 
exp(±(p(z)) ji-i, m for the soft-wall model (for a discussion of the sign of the dilaton in the warping factor 
of the AdS metric see Refs. [13 )■ The negative sign was suggested in Ref. Q and recently discussed in Ref. 22 1. It 



leads to a Re gge -like behavior of the meson spectrum, including a straightforward extension to fields of higher spin J . 
Also, in Ref. [22] it was shown that this choice of the dilaton sign guarantees the absence of a spurious massless scalar 
mode in the vector channel of the soft-wall model. We stress that alternative versions of this model with positive 
sign are also possible, but they are restricted in applications. In particular, the version with a positive dilaton is 
obtained by redefinition of the bulk field V{x, z) as V{x, z) — exp((y9)y(a;, z), where the transformed field corresponds 



* On leave of absence from Department of Physics, Tomsk State University, 634050 Tomsk, Russia 



2 



to the dilaton with an opposite profile. It is clear that the underlying action changes, and extra potential terms are 
generated depending on the dilaton field. These potential terms vanish only in the case of spin-1 modes. In Refs. [2l| 
the sign of the dilaton was just changed without adding the corresponding potential terrns, which is true only for 
total spin J = 1 and not correct for higher spins. Here we agree with the criticism of Ref. |23 |. 

In Refs. [3; H^l two equivalent versions of the soft-wall model for the study of the bound-state problem 

(hadronic mass spectrum) with a positive exp{(p) (gI-IqI. \it\ and a negative exp{—ip) OHO] dilaton exponential have 
been developed. These approaches are based on slightly different actions, which have the advantage of possible 
applications to mesons and baryons with adjustable quantum numbers of radial excitation, orbital and total angular 
momentum. In the study of the bound state problem both versions use effective actions quadratic in the bulk fields, 
which are equivalent due to a redefinition of the bulk field containing the dilaton. As a result both approaches arrive 
at the same equation of motion (EOM) for the mode dual to hadrons with specific quantum numbers. Therefore, 
when performing the matching of matrix elements in the soft-wall model and light-front QCD, a precise mapping of 
the bulk modes in the AdS fifth dimension to the hadron light-front wave functions can be performed (see details in 
Refs. [is,!!). The main objective of this paper is to demonstrate how to correctly derive the versions of the soft- wall 
model with different signs of the dilaton profile for the study of the hadronic mass spectrum. We also consider an 
extension of the soft-wall model to mesons and baryons with higher total angular momenta J. 

When considering dynamical hadron quantities encoding a nontrivial momentum dependence (e.g. form factors, 
parton distributions) the sign of the dilaton profile becomes sufficient to guarantee fulfillment of the boundary condi- 
tions at — >■ CXI. As it was shown in Ref. 22] the soft-wall model with a positive dilaton cannot be directly applied to 
the calculation of the bulk-to-boundary propagators of AdS fields by solving the corresponding differential equation in 
the z-dimension. The corresponding propagators V{q'^,z) are dual to the external QCD currents and depend on the 
holographic coordinate z and the transverse momentum squared q^. In particular, the soft-wall model with a negative 
dilaton profile gives a bounded solution for the bulk-to-boundary propagator of the AdS vector field at z — cx). It 
also supplies the correct normalization V{0, z) = 1 at = in accordance with gauge invariance. The version with 
a positive profile, however, gives a divergent solution. This means that the positive version of the soft-wall model in 
its original form cannot be applied for the calculation of AdS bulk-to-boundary propagators and dynamical hadron 
properties. Therefore, the version with a negative dilaton can be applied without any additional modification (or 
restriction) to the calculation of both mass spectrum and dynamical properties of hadrons and we certainly prefer 
this realization of the soft-wall model. 



II. BOSONIC CASE 



A. Scalar field 



First we demonstrate how to correctly derive the versions of soft- wall model with different signs of the dilaton profile 
for the study of hadronic mass spectrum. Afterwards we consider the fermionic field and the extension to higher values 
of the total angular momentum J. We consider the propagation of a scalar field S{x, z) in d -I- 1 dimensional AdS 
space. The AdS metric is specified by 



ds^ = gMNdx^^dx^ = Tjab e^^^^' dx^dx'' = e^^^^' {'q^.^dx^'dx'' - dz^) 



T]^^ =diag(l, -!,...,-!), 



(1) 



where M and = 0, 1, • • • ,d are the space-time (base manifold) indices, a = (fi, z) and b — {v, z) are the local Lorentz 
(tangent) indices, qmn and rjab are curved and flat metric tensors, which are related by the vielbein ^%,j{z) — e^'^^'^ (5^ 



^M^'MVab- Here z is the holographic coordinate, R is the AdS radius, and g = \detgMN\ = 6^"^*^^^^''+^). In 



as gMN 

the following we restrict ourselves to a conformal-invariant metric with A{z) = lo^Rj z). 
The actions for the scalar field (J = 0) with a positive or negative dilaton are 



S^^\j d'^xdz^e'^'-'^ 



g'^'^dnS+ix, z)dNS+ix, z) - [il 5+(x, 2)5*+ (x, z) 



and [l£ 



(2) 



d'^xdz^e 



-ip(z) 



^'""dMS- (x, z)dNS- (x, z) - + AFo (z)) S- {x, z)S- (x, z) 



5±(x,z) = e=F'^(^)5T(x,z) 



(3) 



The superscripts -I- and — correspond to the cases of positive and negative dilaton, respectively, and (p{z) = n'^z^ 
The actions are equivalent to each other, which is obvious after performing the bulk field redefinition: 



(4) 



3 



The difference between the two actions is absorbed in the effective potential AVo{z) = e ^"^^^^ Ai7o(^), where 

AUoiz) = ip"iz) + id-l) ^'iz)A'{z) , (5) 

with F'{z) = dF{z)/dz, F"{z) = d'^F{z)/dz^ and F ^ ip, A. The quantity fi'^R'^ = A(A - d) is the bulk boson mass, 
where A is the dimension of the interpolating operator dual to the scalar bulk field. For the case of the bulk fields 
dual to the scalar mesons A = 2 + L, where L = max|L^| is the maximal value of the z-component of the quark 
orbital angular momentum in the LF wavefunction 0]. In particular, we have the values L = for = 0^ states 
and L = 1 for = 0"*" states. Notice that A is identified with the twist r of the two-parton states. Later we will 
show that T for meson states is independent of the total angular momentum J, i.e. Aj = t = 2 + L. Notice that 
both actions have the correct conformal limit for z — >■ 0, where the dilaton field vanishes and conformal invariance is 
restored. 

In a next step we modify the above forms of the action to obtain expressions which are more convenient in the 
applications. First, one can remove the dilaton field from the overall exponential by a specific redefinition of the bulk 
field 5± with: 



S^{x,z)^e'f'^'^'^/^S{x,z). 



(6) 



In terms of the field S{x, z) the transformed action, which now is universal for both versions of the soft-wall model, 
reads 



Sn = 



i J d'^xdzy/g 



MN 



dnSix, z)dNS{x, z) - {fi^ + Vo(z))S'^(x, z) 



where Vo(z) ~ e '^"^^^^Uo{z) with the effective potential 



Uoiz) = ^v"{z) + \i^'{z)r + i^^'(z)A'{z) . 



(7) 



(8) 



The last expression is identical with the light-front effective potential found in Ref. Q for d = 4, J — [see Eq.(lO)]: 

Uoiz) K^z^ ~2k^ . (9) 
With Lorentzian signature the action (O is given by 

5o = i j d'^xdze^"^''^ d^,Six,z)d^'Six,z)~d,Six,z)d,Six,z)^(e^'^^''^iil + Uoiz)^S'^ix,z) 
Boiz) = id-l)Aiz). (10) 
Now we use a Kaluza-Klein expansion 

Six,z)^Y. -^"W *"(^) (11) 

n 

where n is the radial quantum number, Snix) is the tower of the Kaluza-Klein (KK) modes dual to scalar mesons 
and $„ are their extra-dimensional profiles (wave- functions). We assume a free propagation of the bulk field along 
the d Poincare coordinates with four-momentum p, and a constrained propagation along the (d -I- l)-th coordinate z 
(due to confinement imposed by the dilaton field). On mass- shell p2 = M^f) the profiles $„(z) obey the EOM 



- ^ - B'oiz)^^ + e'^^^-^f,l + Uoiz)] $„(z) = Af^o$„(z) . 
Performing the substitution 

$„(z) = e-^"(^)/2^„(z) 
we derive the Schrodinger-type EOM for (j)niz)'- 

d^ 4i2 _ 1 



dz^ 



4z2 



+ Uoiz) (jjniz) = Mf^oMz) 



(12) 



(13) 



(14) 
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where 



and 



L 



is the mass spectrum of the scalar field. Here we use the generalized Laguerre polynomials 



n\ dx" 

Notice that the normalizable modes ^n{z) and (j>n{z) obey the following normalization conditions: 



oo oo 
J dze-^"(^)$™(2)$„(z) = J dz (f>.m{z)(j)n{z) = S^n ■ 




The mode ^n{z) has the correct behavior in both the ultraviolet (UV) and infrared (IR) limits: 

$„(z) ~ at smah z , $„(z) at large z . 



(15) 



(16) 



(17) 



(18) 



(19) 



Using the KK expansion pT|) . the EOM p2|) and the normalization condition (|18p for the KK profiles $ra(z), the 
d + 1-dimensional action for the bulk field reduces to a d-dimensional action for the scalar fields Sn (x) dual to scalar 
mesons with masses A/„o- 



id) 



IE 



d^S„{x)d^'Sr,{x)-M^^„Sl{x) 



(20) 



This last equation is a manifestation of the gauge-gravity duality. In particular, it explicitly demonstrates that 
effective actions for conventional hadrons in d dimensions can be generated from actions for bulk fields propagating 
in extra d + 1 dimensions. The effect of the extra-dimension is encoded in the hadronic mass squared M^, which is 
the solution of the Schrodinger equation ([T^ for the KK profile in extra dimension (f>n{z). 

Another important conclusion is that we explicitly showed that correctly formulated soft-wall models with positive 
or negative dilaton profiles provide the same results, moving the dilaton field into the potential of the Schrodinger-type 
equation for the bound-state problem. One can also start with the action [see Eq. ([7])] where the dilaton is hidden in 
the effective potential V{z). 

The next question concerns the choice of the z-dependence of the vielbein or the warping of the AdS metric, i.e. 
the choice of the function A{z). As stressed before, the conformal-invariant limit is restricted to A(z) ~ log{R/z). 
What happens if the "conformal function" A{z) is changed by an adjustable function - "warping function" Aw{z), 
breaking the conformal invariance of the line element ds^ ? It is easy to show that the Schrodinger-type EOM for 
(j)niz) is modified by an extra potential term Wo(z), which can be expressed in terms of Aw{z) and A{z) as 



Woiz)=fi^ 



{d-lf 



A'^{z)-A'{z) 



^^{z)~^\z) 



(21) 



It is clear that Wo(2:) = for Ay/{z) = A(z). Physical applications and consequences of the warping of the AdS metric 
have been studied in detail in Refs. |10l - [l3 |. On the other hand, in order to guarantee that two types of soft-wall 
model ("dilaton" and "metric" ones) describe the same physics one should compensate such a correction by adding 
the corresponding potential in the actions: for the actions Sq and for 5*0 where the dilaton is hidden [see Eq. pO|) ] 
such correction is 



AS 



w 



d xdz. 



9w 



f,±v{-) e-'^^'^^'^Wa{z)S^{x,z)S^{x,z) = \ [ d'^xdz e^"^''^ Wo{z)S^{x, z) 



(22) 



where gw = e^^^'f^^^'^+i) and S^{x, z) = eT'p(^)/2+(A(^)-Aw(^))(d-i)/2 ^(^^ 
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B. Vector field 



In the case of a vector bulk field Vm{x, z) the actions with positive and negative dilaton are 

1 



and 



_^gMa4.gmN.y-^^^ (x, z)V^,^^^ (x, z) + tilg''''V^,{x, z)V^{x, z) 



(23) 



(24) 



where Vmn — OmVn — QnVm is the stress tensor of the vector field. As in case of the scalar field, there exists the 
bulk field redefinition V^j — e^'^^^^ V^, making the two actions equivalent to each other. The mass of the vector bulk 
field is given by 

= Mo^^ + 1 = (A - 1)(A + 1 -d) . (25) 

The difference between the two actions is absorbed in the effective potential AVi(z) = e~^"*(^^Ai7i(z), where 

Ai7i(z) = -ip"{z) + (3 - d)ip'{z)A'{z) . (26) 

Notice that AJ7i(z) = for d = 4, A{z) = \og{R/z) and (p{z) ~ k^z^. Again, as in the scalar field case, one can 
remove the dilaton field from the overall exponential by a specific redefinition of the bulk field (jS]): 



^1 = i Jd^xdz^ ~^g^''^''g^'^WM,NAx,z)VM,NAx,z)+(^til + Vi{z)')g'''''VM(x,z)VN{x,z) 



where Vi{z) = e ^"^'^^'C/i(z) and with the effective potential 



Ui{z) = -\^"{z) + \{v'{z)f + ^^'(z)A'(z) . 



(27) 



(28) 



This last expression is identical with the light-front effective potential found in Ref. for = 4, J = 1 [see Eq.(lO)]: 

C/i(z) = k''z^ (29) 

Using standard algebra and restricting ourselves to the axial gauge Vz{x, z) — 0, we write down the action in terms 
of fields with Lorentz indices: 

^1 - ]^ j d^xdze""'^'^ -iv;,,(a;, z)T/^'^(x,z) + a, F^(x,z)5,F^(x,z)+ (62-4(^)^2 ^C/i (2)) T/^(x,z)T/^(a;,z) , 

Bi{z) = Bo(z) - 2yl(z) (d- 3)yl(z) . (30) 

It is convenient to rescale the vector fields by the boost (total angular momentum) factor e"^*^^^ as V^{x,z) ^> 
£-4(2) v^{x, z). For higher-spin states the boost factor is e'^"*'^-' (see next subsection). Then the action takes the form 

Si = ^Jd^'xdze''"'^^^ ~^V^Ax,z)V^''{x,z) + ^,V^{x,z)^,V>'{x,z) + (^e^^'^^^^Il + Uliz)^V^{x,z)V>'{x,^ .(31) 

We restrict to the transverse components (S^F^^ = 0) and again use the KK expansion 

T/^^(x,z)=^ V;^(a;) <i>„(z), (32) 

n 

where VJ^^^ is the tower of the KK modes dual to vector mesons and are their extra-dimensional profiles (wave- 
functions). These coincide with the profiles of scalar mesons, i.e. are independent on total angular momentum J. In 
the case of vector mesons the EOM for the profile function $„ is given by 



^ - B',{z)^^ + e'^^^^nl + U,{z)] $„(z) = M^i$„(^) 



(33) 
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Performing the substitution 

we derive the Schrodinger-type EOM for 0„(z): 

4L2-1 



+ Uoiz) (t)n{z) ^ M^^(j)n{z) 



where 



Ml, = 4«- 



,/ LI 
'("+2+2 



(34) 



(35) 



(36) 



One can see that the EOMs for $„ and (j>n in the case of vector mesons are different from the analogous EOMs for 
scalar mesons by the effective dilaton potential Ui{z) = U[){z) + 2k^ for ip{z) = k^z^ and A{z) = log(i?/z), which 
generates the shift in the mass spectrum: M^, = M,^g + 2k? . 

As in the case of scalar mesons (using the KK expansion, EOM for the wave functions) we derive the d-dimensional 
action for the vector mesons with masses M^, from the higher-dimensional d + 1 action in terms of their holographic 
analogues: 



1 

-4 vn^) + -^v,A^)v>:{x) 



Notice that a possible warping of the metric gives the following correction to the effective potential 



W,{z)=^'' 



A'^(z)-A'(z) 



d- 3 



AUz)-A"{z) 



(37) 



(38) 



Again in analogy with scalar mesons, such warping can be compensated by adding the corresponding potential in the 
action for the vector bulk field. 

Finally, we would like to mention the results of Ref. [22], where the sign of the dilaton field was checked in order to 
fulfil different constraints going beyond the bound-state problem, e.g. absence of a massless state in the vector channel 
and a related problem — behavior of the vector- vector correlator function ny(— g^) consistent with QCD, correct 
normalization at = of the vector bulk-to-boundary propagator corresponding to the electromagnetic current. The 
conclusion was that this requirement fix the sign of the dilaton profile: it should be negative (in our notations). It was 
shown there that the bulk-to-boundary propagator of the vector field V{q, z) satisfying all criteria is given by (2^ : 



This is related to the Fourier transform of the transverse massless (/ii = 0) vector bulk field 

d'^q 



V;Ax,z) 



entering the action with a negative dilaton profile: 



(27r)' 



,e-^'^^VMV{q,z) 



SI 



and obeying the following EOM: 



-d,V{q,z] 



-V{q,z) = 0. 



(39) 



(40) 



(41) 



(42) 



In other words, the correctly defined bulk-to-boundary propagator of the vector field V{q, z) is identified with the one 
obtained in the version with the negative dilaton. Let us remind that this is different from the bound-state problem 
where the KK profile $,1(2) is independent on the dilaton sign. Therefore, the version with a negative dilaton can be 
applied without any restriction for both bound state and scattering problem and we certainly prefer this realization of 
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soft- wall model. For illustration we remind the result for the pion electromagnetic form factor F-^^Q"^) in the Euclidean 
region calculated with negative dilaton profile 0, EB] '■ 



F^iQ^) = / -le-'^i^^ViQ, z)^l{z) = , (43) 



where ^o{z) = Kz^y/2 is the wave function for pion with n = L = and V{Q,z) is the holographic analogue of 
electromagnetic field given by It is clear that the change of the sign of the dilaton profile leads to diver gen ce of 
the pion form factor. The similar situations is for the p-meson form factor [l^ and for the nucleon form factors [Tsl. [20| . 



C. Higher J boson fields 



In this section we consider bulk boson fields with higher values of J > 2. This problem, in the context of hard- and 
soft- wall models, has been considered before in Refs. (sl. [st-fol [TTI. [l9| . In particular, it was shown that the soft-wall 
model reproduces the Regge-behavior of the mesonic mass spectrum M^j ^ n + J. Here, extending our results for 
scalar and vector fields, we show that the bound-state problem is independent on the sign of the dilaton profile. 

We describe a bosonic spin- J field ^]\i-^...m,{x,z) by a symmetric, traceless tensor, satisfying the conditions 



The actions for the bulk field $j with positive and negative dilatons are 0-0] 



(44) 



i-y 



d xdz y/g e 



9 9 9 ^ M^Mf-MjK^T'^)^ N'^jq^...j^j{X,Z} 



(45) 



and m 



S-, 



i-y 



d'^xdz ^/g e 



MN Ml Ni 



^MjNj 



- [fi^ + AVj{z)) g 



Ml Ni 



^MjNj 



'^Mi-M,,i^^^)'^Ni-Nji^'^') 



Here Vm is the covariant derivative with respect to AdS coordinates, which is defined as 
where 



^MiM^NAh---Mj 



^MjM^Mi---Mj^iN 



MN 



1 



KL 



LM 



d: 



.N 



dgLN % 
dx 



MN 



M 



dx^ 



(46) 



(47) 



(48) 



is the affine connection. 

In Refs. 0-0, [3| higher spin fields have been considered in a "weak gravity" approximation, restricting the analysis 
to flat metric and therefore identifying the covariant derivative with the normal derivative (i.e. neglecting the affine 
connection). First, we review these results and then consider the general case with covariant derivatives. In the 
following we call the scenario with normal derivatives scenario I and the scenario with covariant derivatives scenario 
II. 

In scenario I the bulk mass is given by by [l^ 

= (A- J)(A + J-d) (49) 

which is fixed by the behavior of bulk fields "I>j near the ultraviolet boundary z = 0. The potential /S.Vj{z) ~ 
e~'^^^^'> AUj{z) is given by 



AUj{z) = ip"{z) + {d-l-2J) ip'{z) A'{z) 



(50) 
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Notice that both quantities /Zj and lS.Uj{z) are generahzations of the scalar (J = 0) and vector (J = 1) cases 
considered before. In particular, they are related to those for the scalar field as follows: 



li'^jR^ = iilR^ + J{d - J) , AUj{z) = AUo{z) - 2Jip'{z)A'{z) . 



(51) 



As before the two actions can be reduced to the action with a dilaton hidden in an additional potential term using 
the transformation 



(52) 



Then the action takes the form 



Sj = 



(Ai^ + y;(z))/^i^i . ■■g^'■'^■'<^>M,...MJix,z)^N^■■■NJix,z) 



where Vj{z) = e ^'^*^^)t/j(z), and with the effective potential 



C/,(z) = ;^^"(z) + i(^'(z))^ + Mr^'^-' 



^'{z)A'{z) 



(53) 



(54) 



This last expression is identical with the light-front effective potential found in Ref. Q for d = 4 and arbitrary J [see 
Eq.(lO)]: 



Uj{z) = K^z^ + 2k^{J -1) . 



(55) 



Using standard algebra and restricting to the axial gauge ^...^...(x, z) = 0, we write down the action in terms of fields 
with Lorentz indices: 



9^$^,...^, (x, z)9^$^--^-' (a;, z) - 9,$^, (x, z)9,$^--^'^ (x, z) 

- (e^^'-'-^p.^ + Uj{z)Y^,...^,{x,z)^^^-^'{x,z) , 

Bj{z) ^ Bq{z) ~ 2J A{z) ^ [d - I - 2J) A{z) . (56) 

It is convenient to rescale the fields by the boost (total angular momentum) factor e'^'^'^^-' as ^^^...^^(x, z) — >■ 
g^JM^) (I>^^...^^(x, z). Then the action takes the form 



Sj ^ ^ I d^xdze^"^'^ 



(x, z)9^$^--'''' (x, z) - d,^,,,...^, (x, z)9,$^--''-^ (x, z) 



- [e'^^^^^il + UJiz))<^>^,...^,ix,z)'^>^^■■■^■'ix,z) . 
Doing the KK expansion 



(57) 



(58) 



we derive an EOM for the profile function $^ 



^ - S^(z)^ + e^^(^)f,l + Uj{z)] $„(z) = Af 2^$„(z) . 



(59) 



We stress again that the profile function $„(z) is an universal function independent on J. All the J dependence is 
hidden in the effective potential Uj{z), which generates the corresponding J-dependence in the mass spectrum M^j. 
Performing the substitution 



$„(z) = e-^«W/20„(z) 



(60) 
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we derive the Schrodinger-type EOM for (t>n{z): 



4L^-1 
4z2 



+ Uj{z) (j),,{z) = Mlj(j),,{z), 



where 



MIj = 1 n + - + - 



L J 
2 + 2 



(61) 



(62) 



is the mass spectrum of higher J fields, which generahzes our resuhs for scalar and vector fields, (|16p and At 
large values of J or L we reproduce the Regge behavior of the meson mass spectrum: 



(63) 



Finally, using the KK expansion and the EOMs for the wave functions, we derive the d-dimcnsional action for mesons 
with total angular momentum J > 2 and masses Mf^j: 



aid) _ (-)" 



a^$;.,...^„n(a:)a^$Mi...M.(3,) _ M2^$^,...^,,„(x)$(t--^'^(a:) 



(64) 



As in the cases of scalar and vector fields, the warping of the metric can give the following correction to the effective 
potential 



w.j{z) = 



g2A»-(z) _ ^2A(z) 



(d - 1-2J)2 



A'„{z)-A'{z) 



d - 1 -2J 



A'{^{z)^A"{z) 



(65) 



which can be compensated by adding the following term in the effective actions S'j , S,j: 

i-y 



2 
2 



d'^xdz^e^^^'^ e-2^-(-) Wj{z) <i>± ^...^^ (2:, z) $*^--*^^'-±(a;, z) 
d'^xdz e^«-(^)('*-i-2J) g±<p(^) *;^,...^,(a;, z) ^^'^■■■^'■''^{x, z) 

d'^xdz e-^'^(^) Wj{z) $,,1...^,, (x, z) (x, z) . 



(66) 



where $^ 



(X, z) = e=FV(2:)/2+(A(2:)-Aw(z))(<i-l-2J)/2 ^^(2;^ 2). 

Now we consider scenario II, i.e. without truncation of covariant derivatives. The gauge-invariant actions for the 
totally symmetric higher spin boson fields have been considered e.g. in Refs. [13]. In this case the bulk mass is fixed 
by gauge invariance, and given by 



= J2 + J(d- 5) + 4- 2d. 
This mass leads to the following results for the scaling of the KK profiles: ^n{z) 



,2+ J 



(67) 

at 2; — >■ 0, and their masses 



are M^j = AK^in + J), which are acceptable only for the limiting cases J = L and J — oo. Notice that the soft-wall 
actions (|45])and p6)) are obtained from gauge-invariant actions for totally symmetric higher spin boson fields [13] via 
the introduction of the dilaton field, which breaks conformal and gauge invariance. Therefore, it is not necessary to 
use the bulk mass given by Eq. (p7|) . In particular, in order to get correct scaling for the KK profile 3>n(-z) ~ z^"*"^ 
and their masses given by Eq. ([S^ . we should use 



fi^jR^ = (A - J)(A + J-d)-J = filR^ + J{d-1-J). 
In this case scenario II is fully equivalent to scenario I. 



(68) 



III. FERMIONIC CASE 
A. Spin 1/2 fermions 



In the fermion case we first consider the low- lying J = 1/2 modes ^'±(a;, z) (here the index ± corresponds again to 
scenarios with positive/negative dilaton profiles, respectively.) The actions with positive and negative dilaton read 
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'^1/2 



*±(x,z)f/x + yj^(z))*±(a;,z) 



(69) 



The quantity fi is the bulk fermion mass with m — fiR = A — d/2, where A is the dimension of the baryon interpolating 
operator, which is related with the scaling dimension T = 3 + iasA = T + 1/2. For J = 1/2 we have two baryon 
multiplets = 1/2+ for L = and = l/2~ for L = 1. Vf{z) = (p{z)/R is the dilaton field dependent effective 
potential. Its presence is necessary due to the following reason. When the fermionic fields are rescaled 



(70) 



the dilaton field is removed from the overall exponential. In terms of the field '^{x, z), the modified action, which is 
universal for both versions of the soft-wall model, reads as 



Si/2 = I d xdz^ 



^-^{x, z)ef r"2?M*(a:, z) - '-{Vm^{x, z))^T''efT''^{x, z) - *(a;, z) (^i + Vf{z)) ^{x, z) 



.(71) 



The form of the potential Vf{z) is constrained in order to get solutions of the EOMs for fermionic KK modes of left 
and right chirality, and the correct asymptotics of the nucleon electromagnetic form factors at large [l3, [3 113 ■ 
Note that a possible warping of the AdS metric is irrelevant in the fermionic case , because it can be absorbed in the 
bulk fermion field upon their rescaling, just like we removed the exponential prefactor containing the dilaton field. 

The covariant derivative for the spin J = 1/2 field is obtained from the normal derivative by adding the spin 
connection term: ufj = A' {z) [S'^S^j - S'^Jlj): 



V 



M 



d 



1 



M 



where = (7'^,— «7^) are the Dirac matrices. 

The action in terms of the field with Lorentz indices is: 



Si 



/2 



d<^xdze^^''^'^^{x,z) 



i ^ + 7^9^ + -^'(2)7^ 



^'(a;,z). 



where the Dirac field satisfies the following EOM fl7l[ll[20l|: 



d ^ e^(^) 

i ^ + + -A'{z)j^ - — ^ ( m + ip{z) 



^'(a;,z) = 0, 



with ^ = 7^ df_i. For the conformal-invariant metric with A{z) — \og{R/ z) we get 



iz ^ + zdz — —7^ — TO — ip{z) 



*(x, z) = . 



(72) 



(73) 



(74) 



(75) 



Based on these solutions the fermionic action should be extended by an extra term in the ultraviolet boundary (see 
details in Refs. [l^ H^)- Here we review the derivation of the EOMs for the KK modes dual to the left- and right- 
chirality spinors in the soft- wall model [13, E, Fh'st we expand the fermion field in left- and right-chirality 
components: 



^'(a;,z) = *L(a;,z)-H*fl(x,z), -^l/r 



Then we perform a KK expansion for the ^'^/^^(a;, z) fields: 



(76) 



(77) 



The KK modes F£^jj^{z) satisfy the two coupled one-dimensional EOMs |l7lll8 l l20 j : 



d,±^(m + ip^ + ^A' 



F2/r{z)^±M^F^^j^{z) 



(78) 
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d'^ d 

-A'^ - -A!' 
4 2 



F2/^{z) = MlF2j^{z). 



where M„ is the mass of baryons with J = 1/2. After straightforward algebra one can obtain decoupled EOMs: 
After the substitution 

we derive the Schrodiiigcr-type EOM for j^j^iiz) 

1A A 

-dl + y{m + <fifT^ {A'{m + ^) + 
For A{z) = \og{R/z) and ip{z) = k'^z'^ we get 

1\ m(m ± 1) 



where 



I 2r(ri.+ l) m+3/2 m+1 -k? z'^ jl i™+l/2(„2 2-. 

r(n + m + 3/2) " ^ 



I 2r(n + 1) 
r(n + m + l/2) 



(79) 
(80) 

(81) 

(82) 

(83) 
(84) 



with / dz f2',j^{z)f2m{z) = 6mn and 


= 4:K^ (n + m + 

For d = 4 we have m = L + 3/2 and, therefore, 



I 2r(n+l) r_,_3 L+5/2 „-K^2V2 ri+2/^2.2N 

r(n + L + 3)'' ^ 



/ 2r(n + l) 
r(n + L + 2) 



^L+2 ^L+3/2 g-«=.V2 L^+l(«2^2) 



and 



= 4K^(n + L + 2^ , 



(85) 

(86) 
(87) 

(88) 



where L = 0, 1 for J = 1/2 fermions. One can see that the functions F2/ii{z) have the correct scaling behavior for 
smaU z 



F2{z) ~ , F2,{z) ~ 



(89) 



and vanish at large z (confinement). As in the bosonic case, integration over the holographic coordinate z gives a 
rf-dimensional action for the fermion field ^"(x) = '^^l{x) + \l/^(a;): 



'l/2 



d'^a;*"(a;) 



*"(a;) . 



(90) 
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B. J = and higher J > 5/2 fermion fields 

Extension of our formalism to J = 3/2 and higher spin states J > 5/2 is straightforward. In particular, for J = 3/2 
states we should construct the action in terms of spinor- vector fields 5*^/, where M is the AdS index: 



^%{x,z)(_^fi + VF{z)^'f^{x,z) 



and Vm is the covariant derivative acting on the spinor- vector field ^' at as 



N ■ 



(91) 



(92) 



Notice that the spin and affine F^^y connections are related as 



ah 



Kb I gJVfjpK 



MN J ■ 



(93) 



After removing the dilaton field from the exponential prefactor, doing the boost of the spin-vector field ^m{x,z) — 
e^(^)\I>j^,j(a;^ z), and restricting to the axial gauge ^'z(a;,z) = 0, we derive the action in terms of fields with Lorentz 
indices: 



^3/2 = / d'^xdze^'^'^'^^^{x,z) 



(^m + ip{z) 



*^(x,z). 



(94) 



Then we proceed in analogy with the J = 1/2 case, and derive the same L dependent and J independent EOM, which 
is consistent with the results of Ref. 11]. 

Finally, the actions for higher spin J > 5/2 fermions with positive and negative dilaton are written as 



Sy ^ / d^'xdz^e^'^^'' g 



N.,-1/2 



,(95) 



where the covariant derivative T^m acting on spin-tensor field 4* 



IS 



- '^MNj_^,2^ Ni---Nj_3,:,K ~ -Lofj\r a^Vb]^ Ni---Nj_i 



/2 



(96) 



As before, for the J — 1/2,3/2 cases we remove the dilaton field from the exponential prefactor, perform the boost 
of the spin-tensor field and restrict ourselves to the axial gauge. Then we derive the action in terms of fields with 
Lorentz indices: 



i ^ + i''d, + -A'{z)f 



m + Lp{z) 



(97) 



Next, after a straightforward algebra (including the KK expansion), we derive the same equation of motion for the 
KK profile and mass formula as for fermions with lower spins. The action for physical baryons with higher spins (the 
result for J = 3/2 is straightforward) is written as 



ix^ 



(98) 



Therefore, the main difference between the bosonic and fermionic actions is that in the case of bosons the mass formula 
depends on the combination (J -|- i)/2, while in the baryon case it depends only on L. Also, in the fermion case the 
dilaton prefactor and possible warping of conformal-invariant AdS metric can be easily absorbed in the field, without 
the generation of extra potential terms. 
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IV. APPLICATIONS 
A. Basic properties of pion and nucleon 

We consider several applications of our soft-wall model with negative dilaton profile. First, we display the predictions 
for basic properties of pions and nucleons with the same value of dilaton parameter k — 350 MeV. 
The masses of pion and nucleon are: 

= Mn = 2\/2k = 990 McV . (99) 

The pion decay constant is given by @: 

F^ = ^K = 76MeV. (100) 

8 

The electromagnetic radii of pion and nucleon are given by the expression (see details in Refs. [tI [igI [isl [20|): 

r2 ^ 177,, ' - oa^2 ' 



where ^.p and /i„ are the magnetic moments of nucleons. Here, for convenience, we expressed the dilaton parameter 
through the nucleon mass. Using data for ^ip ~ 2.793 and /i„ = —1.913, the results for the slopes compared rather 
well with data: 

{r'^Y ^ 0.476 fm^ (our) , 0.452 fm^ (data) , 
(r|)P = 0.910 fm^ (our) , 0.766 fm^ (data) , 
(r|)" = -0.123 fm^ (our) , -0.116 fm^ (data) , 

{rl^Y = 0.849 fm^ (our) , 0.731 fm^ (data) , (102) 
{rliT = 0.879 fm^ (our) , 0.762 fm^ (data) . 

Other important applications of our approach can be found in [l^, [2^. In particular, in [l^ we presented a detailed 
analysis of meson mass spectrum and decay constants. Moreover, in Ref. [2Q] we did the first calculation of nucleon 
generalized parton distributions in AdS/QCD. 



B. Baryon mass spectrum 

Here we present the application of our approach to the baryon spectrum. We remind that the baryon mass spectrum 
calculated in our formalism is specified by the radial quantum number n and orbital angular momentum L. 

Mli^ = AK^(n + L + 2y (103) 

It means that the states with different spin 5 = 1/2 and S' = 3/2 and fixed L are degenerate. As is well-known, this 
degeneracy is removed by taking into account a hyperfine (HF) spin-spin interaction between quarks in the baryon, 
due to one-gluon exchange |28l - l3l| : 

i<j 

where Si is the spin operator acting on the i-th quark. Here, Hij is the two-body quark coupling, which includes a 
common color factor —2/3 and explicitly depends on the flavor of the constituent quarks through their masses 
and rrij: 



(105) 
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The use of SU{6) spin- flavor wave functions for the ground-state baryons B leads to simple relations between the 
matrix elements (_B|i?i^yp|B), which are the perturbative mass shifts due to the HF interaction. 

Denoting the contribution from a non-strange quark pair as Hqq (and similarly for strange quarks with q replaced 
by s), in the isospin limit the masses of the ground-state baryons are composed as (29j 

Mn = 3i?0 — f ^(?(? ; Ma = 3£'o + f^qq 

Ma = 2Eo + - f H,, , M^, - 2Eo + E^ + i^,, + i^,, ^^^^^ 

Ms - 2Eo + E^ + iHqq - ^Hqs , Ms> ^Eo + 2E^ + ^Hqs + l^Lss 

Me = Eo + 2ES - ^-Hqs + ^nss , Mn - SSq" + 

Here i?o and Eq are the single particle ground-state energies of the non-strange and strange quark, respectively. These 
mass formulas satisfy the Gell-Mann-Okubo mass relations 

Me - Mn = ^(Mh - m^) + ^(Ms - Ma) , M^. - Ma - Ms* - Ms- = Mn - M^. (107) 

providing a condition on the matrix elements of the residual interaction with T-Lqq — T-Lqs ~ T-Lqs — Hss- With the choice 
E^- Eo ~ 180 MeV, Tigq ~ 400 MeV and Tigq - Hqs T-Lqs - V-ss ^ 150 MeV, all the observed mass differences 
can be approximately reproduced. Another important piece which contributes to the baryon masses is the meson 
cloud (MC) induced mass shift, due to the interaction between quarks and pseudoscalar (tt, if, 77) meson fields. Such 
contribution was evaluated using different chiral quark models (see e.g. detailed discussion in Ref. [30]). It was proved 
that MC contribution is negative and is similar on magnitude for the octet and decuplet states. 

Here we suggest a phenomenological formula for the square of the baryon mass, treating the HF splitting and MC 
corrections perturbatively (it means that we restrict to the first-order in such effects). In particular, we assume the 
following conjecture for the light baryon masses, including HF (SMg) and MC (SMq) corrections: 

M| = M^^ -I- SMj + 5Ml = 4^2(71 + L + agS + 2- - Pb) ■ (108) 

where M^^^ is the leading term (|103p predicted by the soft-wall model, while the terms and (5M^ are: 

6Ml=AaBn'^{S-l), 5Ml, ^ -A^BK^ . (109) 

Here S* = 1/2 or 3/2 is the internal spin, as and /3b are free parameters. Note that at ub — 1/2 and Pb — 3/4 our 
empirical formula coincides with the one previously derived by Brodsky and de Teramond [8] , where they subtracted 
the constant term from the light- front Hamiltonian matched to AdS/QCD Hamiltonian: 

M| =4K2(n + L + S'/2 + 3/4). (110) 

Formula ()110p was derived in limit of SU(3) flavor invariance. Lets go beyond this and include SU(3) breaking effects 
caused by the strange-nonstrange quark mass difference Ss = rus — niq. Taking into account the SU(6) algebra for HF 
couplings [see Eq. (|106p ] and SU(3) shifts Sb of the single particle ground-state energies in the baryon [see Eq. (|106p ] 
we extend the master formula as 



Mb = 2k + L + 2 + aB{S - 1) - /^s + (5s (111) 

where 

4rs - 1 (4 - rs)rs 

ai\[ = a\ = ao — 01 , as — 01 , ctg = a , 

o o 

l + 2r, (2 + r,)r, ^ 
as' = — - — a, as* = ^ a, an=r^a (112) 

and 

Sn ^ Sa ^ , Sa ^ Ss ^ Ss- = Ss , (5h = fe. = 2Ss , Sn = 35s ■ (113) 

Here rs = mq/ms- The SU(3) limit corresponds to the conditions — 1^ Ss ^ 0. For MC correction we use the 
universal parameter 13b — /3. 

In our calculation of baryon masses we use 7 free parameters: the dilaton profile parameter k, the couplings a and 
/?, the set of constituent quark masses = m„ = m^, rUs, rric and mi,. The parameter k fixes the slopes of the 
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baryon mass trajectories. Using data for excited light baryons we fix the value to k = 500 MeV, which is also in 
accordance with the analysis of Ref. [8|]. Notice that this value is also close to the value of k = 550 MeV found in the 
study of meson properties in [l^. The free parameters a and (3 are fixed by the nucleon and A(1232) isobar masses, 
using two constraints from the baryon mass formula (lllip : 



A4 = 4«;2(2 - a/2 - ^) , Ml ^ 4k^2 + a/2 ~ l3) , (114) 



which lead to 



4k2 ' 8^2 



(115) 



For K = 500 MeV we get a = 0.636 and = 0.800. The light quark masses to, = 400 MeV and nis = 575 MeV 
are fixed from data for ground-state masses of light hyperons. Finally, the masses of the charm and bottom quarks 
rric = 1.747 GeV and nib — 5.081 GeV are fixed from data on the Ac(2286) and Ab(5620) masses. Finally we consider 
the set of parameters 

K = 500 MeV, a = 0.636, /3 = 0.800, 

TO, = 400 MeV , m, = 575 MeV , to^ = 1.747 GeV , nis = 5.081 GeV . (116) 

as the best fit. We want to stress that in our approach we consider constituent quarks. In particular, in the light 
sector the masses of the u,d,s quarks encode spontaneous breaking of chiral symmetry and do not vanish in the chiral 
limit (when the corresponding current quark masses vanish). Moreover, hyperfine splitting effects must be described 
in terms of constituent quark masses (the use of current quark masses leads to a divergence of the hyperfine splitting 
in the chiral limit). On the other hand, in the context of chiral quark models (see e.g. discussion in Ref. [33) it is 
possible to establish a relation between the constituent and the current quark masses in the form of a chiral expansion, 
which is consistent with low-energy theorems of QCD. It was shown in |32| that realistic values for the current masses 
of u, d and s quarks (found in lattice QCD and fixed in chiral perturbation theory) correspond to the following values 
of the constituent quark masses to, = 420 MeV (for u,d-quarks) and rus = 590 MeV (for the s-quark). These values 
compare well with the parameters used in our soft- wall model (to, = 400 MeV and iris — 575 MeV). In case of h eavy 
quarks we use constituent quark masses which are a bit larger than the values quoted by the Particle Data Group [33| . 
The present set of parameters (k, to,, nis, "ic, to;,) is close to those used in the analysis of meson physics p^ : 

K, = 550 MeV , TO, = 420 MeV , to, = 570 MeV , rric = 1.6 GeV , rrib = 4.8 GeV . (117) 

Also the set of constituent quark masses is very close to the one used in the Lorentz covariant three-quark model in 
a detailed description of exclusive strong, electromagnetic and weak decays of light and heavy baryons [stI. l38j: 

TO, = 420 MeV , rUs = 570 MeV , = 1.7 GeV , to^ = 5.2 GeV . (118) 

For completeness we indicate the relative error in the calculation of light and single-heavy baryon masses defined as 
<^crr = K-^^iT^ ~ M^)/M'j^'^\ ■ 100%, where M'j^^ and are the central values of the respective experimental and 
theoretical baryon masses. For the ground states (24 states) we get (5crr < 1%, while for the excited ones (60 states) 
we have i5err < 5%. 

With the set of parameters given in Eq. (|116p we indicate our results for the light and heavy baryon masses in 
the following Tables I- VII. Table I contains the results for the ground states of light baryons. In Tables II and III 
we display our results for the excited states of the N, A, A, E and E* families, with different values of n and L, 
and compare them with available data. In Tables IV and V we present a detailed classification of single, double and 
triple heavy baryons and results for their mass spectrum. Also we specify the HF couplings as (i.e. the ratio as/a). 
We introduced the notations Tc — mq/rric and = to^/to^. Note, we consider the mass spectrum of heavy baryons 
containing a single, two and three heavy 6 or c quarks using the master formula (jllip with the same parameters of a, 
(3, niq, rUs and k. We compare our results with available data [ssj or with prediction of QCD motivated relativistic 
quark models [33 - [36| . Single- and double-heavy baryons are classified by the set of quantum numbers {J^ , Sd), where 
is the spin-parity of the baryon state and Sd is the spin of the light or heavy diquark, respectively (see details in 
Ref. [131). There are two types of light and heavy diquarks - those with 5*^ = (antisymmetric spin configuration 
[9192]) and those with Sd = I (symmetric spin configuration {qiq2})- Accordingly there are two = 1/2+ single- 
and double-heavy baryon states. We follow the standard convention and attach a prime to the Sd = 1 states whereas 
the Sd — states are unprimed in the case of single-heavy baryons, and vice versa in the case of double-heavy baryons 
— we attach a prime to the Sd ^ states whereas the Sd — I states are unprimed. Finally, in Tables VI and VII 
we present our results for the mass spectrum of excited states of single-heavy baryons Aq, Sq'', Sq'' and flq^ and 
compare it with the recent prediction of relativistic quark-diquark model [35j| . 
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V. CONCLUSIONS 



We performed a systematic analysis of extra-dimensional actions for bosons and fermions, which give rise to actions 
for observable hadrons. Masses of these hadrons are calculated analytically from Schrodinger type equations of motion 
with a potential which provides confinement of the Kaluza-Klein (KK) modes in extra (d + 1) dimension. The tower 
of KK modes with radial quantum number n and total angular momentum J has direct correspondence to realistic 
mesons and baryons living in d dimensions. For such correspondence the sign of the dilaton profile is irrelevant, 
because the exponential prefactor containing the dilaton is finally absorbed in the bulk fields. On the other hand, the 
sign of the dilaton profile becomes important for the definition/calculation of the bulk-to-boundary propagator - i.e. 
the Green function describing the evolution of the bulk field from inside of AdS space to its ultraviolet boundary. The 
corresponding sign should be negative in order to fulfill certain constraints. It was discussed recently in Refs. [22|. As 
application of our approach we presented detailed analysis of mass spectrum of light and heavy baryons. 
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TABLE I: Mass spectrum of ground-state light baryon in MeV 



Baryon 


Our results 


Data [33] 


N 


939 


939 


A 


1114 


1116 


E 


1180 


1189 




1328 


1322 


A 


1232 


1232 


E* 


1381 


1385 




1533 


1530 


n 


1688 


1672 



TABLE IL Mass spectrum of and A families in MeV 



Baryon 


Our results 


Data [331 


A^i/2+(939) 
Ai/2+(1440) 
^1/2+ (1710) 
Ai/2+(1880) 
Ai/2+(2100) 
A3/2+(1232) 
A3/2+(1600) 
A3/2+(1920) 


939 
1372 
1698 
1970 
2209 
1232 
1587 
1876 


939 
144011° 
1710 ± 30 

1232 
1600tJ°° 
1920t2o 



TABLE III: Mass spectrum of A, E and E* families in MeV 



Baryon 


Our results 


Data [331 


Ai/2+(1116) 
Ai/2+(1600) 
Ai/2+(1810) 
Ei/2+(1189) 
Ei/2+(1660) 
Ei/2+(1880) 
E3/2+(1385) 
E3/2+(1840) 
E3/2+ (2080) 


1114 
1547 
1873 
1180 
1593 
1910 
1381 
1741 
2033 


1116 
160011°° 
1810t« 

1189 
1660 ± 30 

1880 

1385 

1840 

2080 



TABLE IV: Classification and mass spectrum (in GeV) of ground-state single-lieavy baryons 



Baryon 


Content 




Ratio Ob / a 


Our results 


Data [33], Ref. [35J 


Ac 


c[ud] 


1/2+ 


1 


2.286 


2.286 [33j 




c[sq] 


1/2+ 


Ts 


2.511 


2.468 [33] 




c{sq} 


1/2+ 


2rc + 2rcrs — Vs 


2.613 


2.576 [33] 


' — 'c 


3 




c{qq} 


1/2+ 


4r, -1 
3 


2.446 


2.454 [33] 


fie 


c{ss} 


1/2+ 


(4rc ~rs)rs 
3 


2.785 


2.695 [33] 


At 


6 [ltd] 


1/2+ 


1 


5.620 


5.620 [33] 




b[sq] 


1/2+ 


rs 


5.845 


5.791 [33] 




b{sq} 


1/2+ 


2rt + 2rtrs - rs 


5.972 


5.936 [35] 




3 


Si, 


b{qq} 


1/2+ 


in - 1 
3 


5.809 


5.809 [33] 




b{ss} 


1/2+ 


{4rt - rs)rs 
3 


6.139 


6.071 [33] 


' — 'C 


c{sq} 


3/2+ 


Tc +rs + TcTa 

3 


2.669 


2.646 [33] 


E* 


c{qq} 


3/2+ 


2re + l 
3 


2.511 


2.518 [33] 




c{ss} 


3/2+ 


(2rc + rs)rs 
3 


2.831 


2.766 [33] 




b{sq} 


3/2+ 


rb + rs+ r-bTs 
3 


5.991 


5.963 [35] 




b{qq} 


3/2+ 


2r6 + l 
3 


5.831 


5.829 [33] 




b{ss} 


3/2+ 


{2rt + rs)rs 
3 


6.155 


6.088 [35] 



TABLE V: Classification and mass spectrum (in GeV) of double-lieavy and triple-lieavy baryons 



Baryon 


Content 




Ratio qb / Q 


Our results 


Data [33], Refs. [34, 36| 


1 — ^cc 


q{cc} 


1/2+ 


(4 - rjr, 
3 


3.747 


3.5189 [33] 




q{bc} 


1/2+ 


2rt + 2rc - rtr^ 
3 


7.094 


6.933 [34] 




q[bc] 


1/2+ 




7.121 


6.963 [34] 




q{bb} 


1/2+ 


(4 - rt)rt 
3 


10.442 


10.202 [34] 


' — 'cc 


q{cc} 


3/2+ 


(2 + rc)rc 
3 


3.814 


3.727 [34] 


^bc 


q{bc} 


3/2+ 


rb + rc + rtTc 
3 


7.139 


6.980 [34] 


^bb 


q{bb} 


3/2+ 


{2 + rb)rb 
3 


10.465 


10.237 [34] 


^cc 


s{cc} 


1/2+ 


(4rs - rc)rc 
3 


3.936 


3.778 [34] 


^bc 


s{bc} 


1/2+ 


2(r6 + TcYs - r^rc 
3 


7.257 


7.088 [34] 




s[bc] 


1/2+ 


TbTc 


7.296 


7.116 [34] 


^bb 


s{bb} 


1/2+ 


(4rs — rb)rt 
3 


10.622 


10.359 [34] 




s{cc} 


3/2+ 


(2rs + r^Yc 
3 


3.982 


3.872 [34] 


^*bc 


s{bc} 


3/2+ 


TbTa + TcTs + TbTc 

3 


7.310 


7.130 [34] 


^*bb 


s{bb} 


3/2+ 


{2rs + rt)rt 
3 


10.638 


10.389 [34] 


^ccb 


b{cc} 


1/2+ 


(4rb - rc)rc 
3 


8.469 


8.018 [36] 


^cbb 


c{bb} 


1/2+ 


(4rc — r-f,)rf, 
3 


11.801 


11.280 [36] 


^ccc 


ccc 


3/2+ 


' c 


5.144 


4.803 [36] 


^ccb 


b{cc} 


3/2+ 


{2rb + rc)rc 
3 


8.475 


8.025 [36] 


^cbb 


c{bb} 


3/2+ 


(2rc + rb)rb 
3 


11.806 


11.287 [36] 


^bbb 


bbb 


3/2+ 


'^6 


15.139 


14.569 [36] 



TABLE VI: Mass spectrum (in GeV) of Aq, Eq, ^q, Hg and Qq heavy baryon families with J 



Baryon (nL) 


Our resuhs 


Rcf. [35] 


Baryon (nL) 


Our results 


Ref. [351 


Ac(lS') 


2.286 


2.286 


A6(1S) 


5.620 


5.620 


Ac (25) 


2.719 


2.769 


At (25) 


6.053 


6.089 


Ac{3S) 


3.045 


3.130 


A6(35) 


6.379 


6.455 


Ac (45') 


3.317 


3.437 


At (45) 


6.651 


6.756 


Sc(lS') 


2.446 


2.443 


Si,(15) 


5.809 


5.808 


^c{2S) 


2.833 


2.901 


2^(25) 


6.188 


6.213 




3.138 


3.271 


S6(35) 


6.490 


6.575 


Sc(4S) 


3.400 


3.581 


2^(45) 


6.748 


6.869 


Hc(lS) 


2.584 


2.476 


Hb(15) 


5.940 


5.803 


Hc(2S) 


2.980 


2.959 




6.331 


6.266 


Hc(3S) 


3.290 


3.323 


H6(35) 


6.638 


6.601 


Hc(4S) 


3.553 


3.632 


Hf,(45) 


6.900 


6.913 


Hc(lS) 


2.613 


2.579 


Hh(15) 


5.972 


5.936 


H'e(2S) 


3.002 


2.983 


Hi (25) 


6.354 


6.329 


Hc(3S) 


3.308 


3.377 


h;(35) 


6.657 


6.687 


H'e(4S) 


3.569 


3.695 


HU45) 


6.916 


6.978 


!:!c(lS') 


2.785 


2.698 




6.139 


6.064 


!^c(2S') 


3.175 


3.088 


nb{2S) 


6.524 


6.450 


!:!c(3S') 


3.481 


3.489 




6.828 


6.804 


fie (45') 


3.742 


3.814 


!^6(45) 


7.087 


7.091 



TABLE VIL Mass spectrum (in GeV) of Eq, Hq, and Qq heavy baryon families with — 



Baryon (nL) 


Our results 


Ref. [35] 


Baryon (nL) 


Our results 


Ref. [35] 


E*(15) 


2.511 


2.519 


S,*(15) 


5.831 


5.834 


E:(25) 


2.881 


2.936 


E^(25) 


6.205 


6.226 


E*(35) 


3.178 


3.293 


Si* (35) 


6.504 


6.583 


E*(45) 


3.434 


3.598 


E,*(45) 


6.760 


6.876 


h:(15) 


2.669 


2.649 


Hi (15) 


5.991 


5.963 




3.043 


3.026 


H,*(25) 


6.369 


6.342 


H*(35) 


3.343 


3.396 


El{3S) 


6.669 


6.695 


H*(45) 


3.600 


3.709 


Et{4S) 


6.927 


6.984 




2.831 


2.768 




6.155 


6.088 




3.209 


3.123 




6.535 


6.461 


n*(35) 


3.509 


3.510 




6.837 


6.811 


n*(45) 


3.767 


3.830 


J7^(45) 


7.096 


7.096 



